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We analyse the recently measured v2 fluctuation in the context of estabilishing the degree of
fluidity of the matter produced in heavy ion collisions. We argue that flow observables within
systems with a non-negligible mean free path should aquire a “dynamical” fluctuation, due to the
random nature of each collision between the system’s degrees of freedom. Because of this, v2
fluctuations can be used to estimate the Knudsen number of the system produced at RHIC. To
illustrate this quantitatively, we apply the UrQMD model, with scaled cross sections, to show that
collisions at RHIC have a Knudsen number at least one order of magnitude above the expectated
value for an interacting hadron gas. Furthermore, we argue that the Knudsen number is also
bound from above by the v2 fluctuation data, because too large a Knudsen number would break the
observed scaling of v2 fluctuations due to the onset of turbulent flow. We propose, therefore that v2
fluctuation measurements, together with an understanding of the turbulent regime for relativistic
hydrodynamics, will provide an upper as well as a lower limit for the Knudsen number.
PACS numbers: 25.75.-q,25.75.Dw,25.75.Nq
One of the most widely cited news (both in the aca-
demic and popular press) coming out of the heavy ion
community concerns the discovery of a “perfect liquid”
in collisions of heavy ions at RHIC [1, 2, 3, 4, 5]. The ev-
idence for this claim comes from the successful modelling
of the anisotropic expansion of the matter in the early
stage of the reaction by means of ideal hydrodynamics
[6, 7, 8] with a boost-invariant boundary condition. This
argument is compounded by the sensitivity of anisotropic
expansion to shear viscosity [9]. The presence of a non-
negligible shear viscosity, therefore, can be detected by a
careful analysis of anisotropic expansion data.
However, apart from this evidence for a small viscosity
many fundamental properties of the liquid are unknown.
E.g. it is currently discussed whether the observed liquid
is a strongly interaction Quark-Gluon Plasma (sQGP)
[10], a bound state Quark-Gluon Plasma (bsQGP) [11]
or a (turbulent) Glasma [12] with instabilities.
The connection between theory and experiment rests
mainly on a single observable for the anisotropic expen-
sion, namely the elliptic flow coefficient v2. The parame-
ter v2 is the second Fourier component of the azimuthal
anisotropy of the particle momenta given by
v2 ≡ 〈cos[2(φ− ΦRP)]〉 , (1)
where φ denotes the azimuthal angle of one outgoing par-
ticles and ΦRP is the azimuthal angle of the reaction
plane. The angular brackets denote an average over all
considered particles from all events.
It should be stressed that (differential) studies of the
collective flow are among the earliest predicted observ-
able to probe heated and compressed nuclear matter [13].
As the transverse flow is intimately connected to the
pressure gradients in the early stage of the reaction, it
provides information on the equation of state (EoS) and
might therfore be used to search for abnormal matter
states and phase transitions [14, 15, 16].
The elliptic flow is of special importance, because it is
“self-quenching” [17, 18, 19]: The angular pressure gra-
dients creating the anisotropy extinguish themseselves
shortly after the start of the hydrodynamic evolution.
Thus, the final v2 is insensitive to later stages of the
evolution, providing a key hole to the hottest, best ther-
malized, and possibly deconfined phase of the reaction.
In this paper we use the recently measured event-by-
event fluctuations of v2 [20, 21] to further investigate the
properties of the liquid created at RHIC energies. The
experimental data suggests that the v2 fluctuations follow









It seems, therefore, that to describe the fluctuation of
flow variables it is sufficient to use ideal hydrodynamics
with fluctuating initial conditions. The effect of such ini-
tial conditions has been subject to quite a lot of study
[22, 23] and is thought to be understood within the con-
text of ideal hydrodynamics.
It is, however, surprising that initial conditions be the
only source of fluctuations. If the system is treated as a
collection of interacting particles, the random nature of
each interaction should add a dynamical component to







One can quantify the degree of perfection of the liquid








2with λ the mean free path of the particles, L the typical
length scale of the system, Ntot the total number of par-
ticles and Ncoll denoting the total number of collisions.
It is possible to obtain first estimates of Kn from HBT
measurements at SPS which yield Kn ∼ 1/7 [26].
Knudsen numbers below unity do generally allow for a
continuum (i.e. fluid dynamical) description of the sys-
tem, while values above unity call for a particle approach.
In the limit of each dgree of freedom experiencing a large





and all dependence on the nature of degrees of freedom
and their interactions is encoded within the parameter
α ∼ 1. In the case of a vanishing Knudsen number (the
ideal hydrodynamic limit) ∆dyn should vanish.
Deviations from this limit, including plasma instabil-
ities, or clustering, should therefore contribute fluctua-
tions to v2[25] that can be probed by comparison to the
newly available experimental data.
It is clear that ωv2 is a test for the hypothesis that the
system at RHIC is a “perfect fluid”,i.e. a locally ther-
malized system, where “many” particles undergo “many”
collisions over a “small” fraction of the system’s evolu-
tion. Potentially, this test is considerably more model-
independent than a hydrodynamic analysis of 〈v2〉, since
the ωv2 is directly sensitive to the Knudsen number. 〈v2〉,
on the other hand, depends on our understanding of the
initial condition (initial eccentricity [27, 28, 29] and de-
gree of boost invariance), the stiffness of the equation of
state, and the effect of the final hadronic interactions.
None of these are well understood within the context of
the hydrodynamic model, and hence the viscosity can not
be measured more precisely than to an order of magni-
tude.
In this work, we study the sensitivity of ωv2 on Kn by
a string/hadron transport approach, the UrQMD v2.3
model [30]. To explore the different regimes, we rescale
the total interaction cross sections by factors of 1/2, 1 and
3 to vary the strength of the interaction (NB:as opposed
to the formation time as suggested in [33].). We believe
this is an appropriate approach for the present study be-
cause the results can, in a straight-forward fashion, be
converted into an estimate for the Knudsen number in
heavy ion collision at RHIC. UrQMD also accounts for
the expected non-flow effects,as well as the fluctuations
in the initial condition, that also contribute to ωv2 [32].
For a general discussion of the v2 analysis within this ap-
proach the reader is referred to [33, 34]. Following[31]
we estimate the Knudsen number in the standard ver-
sion of UrQMD transport approach from the ratio of the
calculated elliptic flow to the hydrodynamics result and
obtain Kn ∼ 0.6− 1.5.
The results of the present calculations are shown in
Fig. 1. As can be seen, ωv2 and Kn have the expected
qualitative dependence on the over-all scaling parameter:






















FIG. 1: UrQMD result for ωv2 and the Knudsen number as





= 200 GeV. The data are taken from [20, 21]
As the factor used to rescale interaction cross sections in-
creases, 〈v2〉 increases [32] and ωv2 decreases. However,
both 〈v2〉 [32] and ωv2 are well away from the data-points
even if the cross section is increased by a factor of three.
Beyond the given increase, we run into technical diffi-
culties and grossly over-estimate the total multiplicity of
the system. Hence, we are not able to explore the scaling
of the cross-section further than three times the physical
one within the present approach.
Fig. 2 shows the scaling of ωv2 w.r.t. the Knudsen
number. The full line shows a fit of the calculations as-
suming a the additional fluctuations due to the finite col-




〈ǫ〉2 + αKn . (6)
where α ∼ 1 is a parameter extracted from the fit. While
α varies with the fundamental properties of the system
even in the Poissonian limit (a survey of α for different
systems is in progress), the fitted value is sufficient for
an order of magnitude estimate of Kn−1.
The scaling can be used to extrapolate to the inverse
Knudsen number needed to describe the elliptic flow fluc-
tuations observed at RHIC and yields a lower bound on
the inverse Knudsen number on the order of a hundred.
This estimate for the Knudsen number (or the potential
3scaling factor for the cross section, as the Knudsen num-
ber is inversly proportional to the cross section squared)
qualitatively agrees, with the opacity estimate derived
from 〈v2〉 using pQCD transport calculations [35, 36].
With the present calculation, we have estabilished an
upper limit to the Knudsen number. It is natural to ask
what happens to ωv2 as the Knudsen number goes to
zero, and the system is more closely approximated by
ideal hydrodynamics.
The Knudsen number is related to another well known
number in hydrodynamics, namely Reynold’s number.










with H being the enthalpy, η being the viscosity, s being
the entropy density, T denoting the temperature and v
the typical flow velocity. Thus, a small Knudsen number
goes hand in hand with an increase of Reynold’s number.
However, too high Reynolds numbers inevitably lead
to instabilities of the hydrodynamic flow (the turbulent
regime) and will add an additional source of fluctuations
to ωv2 , due to instabilities in the flow formation. Es-
timating the Reynold’s number for the present trans-
port simulations leads to Re ∼ 1. However using the
presently advocated ADS/CFT bound η/s = 1/4π [37]
leads to Reynolds numbers well into the ∼ 102 in the ini-
tial stages of the hydrodynamic evolution (Fig. 3). for
T = 200 MeV and L = 10fm, Re ∼ 100. If the viscosity
is higher than the lower bound by an order of magnitude,
as suggested in [42], than of course the turbulent regime
never appears.
Following Landau and Lifshitz [38] hydrodynamic in-
stabilities will be present starting from Re = 10 − 100
(finally turning into strongly turbulent flows for Re >
100− 1000). Thus, we are led to conclude that, beyond
a certain critical Knudsen number, the scaling in Eq. 3
should break down and ωv2 should increase significantly
above the “ideal” Eq. 2 value: While ∆dyn would con-
tinue to descrease with decreasing Knudsen number, ωv2




/ 〈ǫ〉 but the initial













It is apparent from Fig. 1 that such a scaling is not
observed in [20, 21], so the viscosity of the system created
at RHIC is high enough to place it out of the turbulent
regime. This sustains the argument, made earlier [43],
that the mere observation of a well-defined 〈v2〉 places a
lower constraint on viscosity because it signals that the
system is not in a sufficiently turbulent regime.
The implications of this statemenet on the closeness
of the fluid created at RHIC to the ADS/CFT viscos-
ity bound are still not clear. It is difficoult to make a










FIG. 2: Relationship between ωv2 and the Knudsen number,
plotted together with the Poissonian expectation. The pa-
rameter α was fitted from the data. See Fig. 1 for the legend
produced in heavy ion collisions has not as yet been stud-
ied (for first attempts with QCD transport approaches,
the reader is referred to [39, 40]). To further explore
this point, analyses where this assumption is tested (e.g.
based on opacity expansions) are required. Up to now,
the only knwon calculation of the Reynolds number and
the onset of turbulent flow in heavy ion collision has been
done in Ref. [41].
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FIG. 3: The Reynolds number of a system the size of a col-
lision between nuclei A, with the viscosity given by the con-
jectured ADS/CFT universal bound.
Thus, before a quantitative answer to these questions
can be given, a transport or hydrodynamic model capable
of modeling turbulence at the scale of heavy ion collisions,
and hence of inferring a quantitative value of τ0 in Eq.
8, is necessary.
As shown in [44], in one dimensional Bjorken dynamics
the system is stable against small perturbations at all
viscosities (τ0 ∼ ∞). This conclusion is however bound
to change within full 3D hydrodynamics, especially if the
system is not to a good approximation boost invariant,
as recent initial state calculations suggest [39, 40].
On the experimental side, the widening in central-
ity/energy/system type of ωv2 as a function of the num-
4ber of participants can be used to infer the onset of turbu-
lent flow, if a critical Npart is found at which the scaling
of Eq. 8 starts to hold. Combined with the data in the
non-turbulent region, analyzed using the ansatz of Eq. 6,
the experimental measurement of ωv2 can yield a lower
as well as an upper limit of Kn.
In conclusion, we have argued that the experimental
observation of ωv2 can provide unique information to esti-
mate the Knudsen number Kn, and hence to to pin down
the perfection of the fluid created in heavy ion collisions
quantitatively. We have used a kinetic model to esti-
mate a lower limit of Kn−1, and found that it is nearly
two orders of magnitude below the value needed to de-
scribe the v2 fluctuations at RHIC. We have also argued
that the currently observed scaling of ωv2 should break
in the turbulent regime, and hence the measurement of
ωv2 potentially places an upper as well as a lower limit
on Kn−1. However, before these limits can be quantita-
tively ascertained, much more theoretical modeling and
experimental investigation is required.
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